We study the relation between (topological) inner metrics and Riemannian metrics on smoothable manifolds. We show that inner metrics on smoothable manifolds can be approximated by Riemannian metrics. More generally, if /: M -> X is a continuous surjection from a smooth manifold to a compact metric space with f~x{x) connected for every x £ X , then there is a metric d on X and a sequence of Riemannian metrics {y/¡} on M so that (M, y/¡) converges to (X, d) in Gromov-HausdorfT space. This is used to obtain a (fixed) contractibility function p and a sequence of Riemannian manifolds with p as contractibility function so that \\m(M, i//¡) is infinite dimensional. Using results of Dranishnikov and Ferry, this also gives examples of nonhomeomorphic manifolds M and N and a contractibility function p so that for every e > 0 there are Riemannian metrics 4>e and y/e on M and N so that (M, <j>e) and (N, i¡/c) have contractibility function p and dGH({M,4>t),{N,Ve))<e. Definition 1. A map /: M -» X from a topological manifold onto a compact metric space is said to be (1) UV° if / is surjective and f~l(m) is connected for each m £ M.
Abstract. We study the relation between (topological) inner metrics and Riemannian metrics on smoothable manifolds. We show that inner metrics on smoothable manifolds can be approximated by Riemannian metrics. More generally, if /: M -> X is a continuous surjection from a smooth manifold to a compact metric space with f~x{x) connected for every x £ X , then there is a metric d on X and a sequence of Riemannian metrics {y/¡} on M so that (M, y/¡) converges to (X, d) in Gromov-HausdorfT space. This is used to obtain a (fixed) contractibility function p and a sequence of Riemannian manifolds with p as contractibility function so that \\m(M, i//¡) is infinite dimensional. Using results of Dranishnikov and Ferry, this also gives examples of nonhomeomorphic manifolds M and N and a contractibility function p so that for every e > 0 there are Riemannian metrics 4>e and y/e on M and N so that (M, <j>e) and (N, i¡/c) have contractibility function p and dGH({M,4>t),{N,Ve))<e. Definition 1. A map /: M -» X from a topological manifold onto a compact metric space is said to be (1) UV° if / is surjective and f~l(m) is connected for each m £ M.
(2) Cell-like or CE if for each x £ X and neighborhood U of f~l (x) there is a neighborhood V c U of f~x (x) so that the inclusion V -* U is null homotopic.
CE maps are, more-or-less, surjections with contractible point-inverses. See [L] for general information on UV° and CE maps. One checks easily from the definition that CE maps are UV° .
Definition 2. A function p: [0, R] -► [0, oo) which is continuous at 0 with p(0) -0 and p(t) > t for all t is called a contractibility function.
(1) A metric space X has contractibility function p if for each x£X and t < R, the metric ball of radius t centered at x contracts to a point in the concentric ball of radius p(t).
(2) If p is a contractibility function, we will say that X £ LGC(n, p) if for each map a: Sk -> X, k < n , with diam(a(5'fc)) < R there is a map ä: Dk+X -> X extending a with diam(ä(Dh+x)) < p(diam(a(Sk))).
We will say that X £ LGC(n) if X £ LGC(n, p) for some p.
In what follows, ^# will refer to the Gromov-Hausdorff space of isometry classes of compact metric spaces. The main theorem of [Mo] shows that if M is a topological manifold and /: M -y X is CE, then there is a path oe: [0, 1] -y 'WJf so that (1) co(t) is homeomorphic to M for 0 < t < 1.
(2) co(l) = X.
(3) There is a contractibility function p so that p is a contractibility function for co(t) for 0 < t < 1.
Following work of Dranishnikov and Edwards (see [DW] for references), Dydak and Walsh have constructed a CE map f:S5^X
where X is infinite dimensional. Moore's theorem therefore shows that there is a sequence of topological metrics (S¡, d¡) on S5 with a common contractibility function p so that lim^oo 5, is infinite dimensional. The goal of this note is to exhibit sequences of Riemannian metrics (including a sequence on S5) with the same behavior. Definition 3. Bing calls a metric space (X, d) convex if for every x, y £ X there is a z e X so that d(x, z) = d(z, y) = \d(x, y). If X is convex and x, y £ X with d = d(x, y), then there is an isometric embedding i: [0, d] -y X with i(0) = x and i(d) = y . More recent literature refers to these compact convex metric spaces as compact inner metric spaces or path spaces.
According to Bing (see [B] ) every compact, connected metrizable space in LGC(0) has an inner metric. Continuous images of connected topological manifolds are LC7C(0), so all continuous images of manifolds possess inner metrics. By [D] , every locally simply connected compactum is the UV° image of a manifold.
Here is our main result.
Theorem. Let f: M -y X be a U Va-map from a closed connected smooth manifold M, dim M > 2, onto a space X. If d is a convex metric on X, then:
(i) There is a sequence {y/¡} of Riemannian metrics on M so that the metric space (X, d) is the Gromov-Hausdorff limit of the sequence (M, y/f). (ii) If the map f is cell-like, then the metrics {i//¡} can be chosen to have a common contractibility function p.
Remark 4. U F°-maps are not hard to come by. If X is a connected polyhedron (or ANR), there is a UV°-map from a connected manifold M" to X, n > 3, if and only if there is a map f:M-yX which is surjective on nx. See [Be, F] for these results and for classical references. Our theorem can therefore be combined with Bing's theorem to show that each compact ANR can be obtained as the Gromov-Hausdorff limit of a single closed 3-manifold (which depends on the choice of ANR) with varying Riemannian metric. The 1-skeleton of the nerve of a fine cover of X maps to X and gives a surjection on nx . Thickening this 1-complex to a regular neighborhood in E4 and restricting to the boundary gives a map from a closed 3-manifold to X which is surjective on nx and which is therefore homotopic to a t/F°-map. Alternatively, we could take one of the Figure 1 approximating 2-manifolds from [C] , cross with Sx to raise the dimension, and homotop that map to a U Vo-map.
The appearance of UV° maps in these constructions is not accidental. The last section of [C] can be combined with the results of [Be, F] referred to above to show that a Riemannian manifold sufficiently close to an ANR in Gromov- Hausdorff space admits a i7F0-map to that ANR.
Proof of Theorem. By [W] , we may assume that the map / is open. We denote the diameter of (X, d) by D. Fix an e > 0 and let h = \/27)e + e2. We will show that there exist a Riemannian metric \p on M and e-isometric (2h + 5e)-dense1 sets in (M, y/) and (X, d) . This suffices to establish part (i) of our theorem.
Let (j)' be some Riemannian metric on M. We begin by rescaling the metric </>' to a metric <p so that (*) <p(x,y)<d(f(x),f(y))-e for all x, y £ M. Let Ô > 0 be less than the injectivity radius of cf> and small enough so that d(f(x),f(y)) < e whenever <t>(x, y) < ô. Choose {x,} to be an e-dense set in (M, c/>) so that for each x £ M there is an x, € M so that (p(x¡, x) < e and d(f(x), f(x¡)) < e . We also require f(x¡) / f(x¡) for / / j . This uses the openness of /.
Let /,; be a minimal geodesic in X connecting f(x¡) and f(Xj). Since the map / is open and U Vo, we can subdivide each /,; using vertices tkj and find lifts sf¡ of the tkj 's so that <p(skj, sff1) < ô . We choose geodesies Lkj connecting adjacent vertices s¡¡ and skj+l (see Figure 1 ). Since dimM> 3, we can arrange that these geodesies have disjoint interiors. We write L,; = \Jk Lk-.
Consider a very thin tubular neighborhood around (J L¡j. By changing (¡> inside this neighborhood we get an even smaller tubular neighborhood such that the metric over each Lkj is a product Lkj x Br of Lkj with a ball of some small radius r. In particular, r should be much smaller than the injectivity radius At the ends of the Lu 's, we paste the cylinders together by dividing the disks at the ends in half and pasting the halves together in an alternating pattern (see Figure 2 ). Because we are not folding our disks along the plane dividing the halves, the resulting piecewise Riemannian metric is singular on planes perpendicular to a codimension-two submanifold. We can do this so that {x,} is still an e-dense set and so that condition (*) still holds.
Next, we modify the metric inside these cylinders. Inside of the cylinder Lk: x Br/4 we change the metric to make it isometric to [0, d(tkj, fy )] x Br. On the cylindrical annulus Lkj x (Br/2 -Br/4) we put the metric of T x Sr where T is either the nonconvex pentagon Px shown in Figure 3 or a rectangle [0 ,d(tkj,tk+l)]x[0,e] according to whether <j>(skj, sk;+x) is greater or less than ä(tfj,tk;1).
On the cylinderical annulus Lkj x (Br -By4r) we put the metric of V x Sr where V is again either a nonconvex pentagon or a rectangle [0, <f>(skj, skf1)] x [0, e] according to whether <f>(s¡j, sk+l) is less or greater than d(tkj, rf/1). On the cylindrical annulii Lk¡ x (Bi/4r -Br¡2), which together give a collar on the boundary of the tubular neighborhood, we put the metric of [0, max(0(4, 4+1), d(tkj, if/1))] x[0,h]x Sr.
The effect of this is to build a "vertical" barrier of height h between the tubular neighborhood and the rest of the manifold (see Figure 4 ).
Smoothing this piecewise Riemannian metric gives the metric y/ on M that we are looking for. . This will show that the Gromov-Hausdorff distance from (M, y/) to (X, d) is less than (2/z + 7e). First, let x £ M be outside of the tubular neighborhood and j be a geodesic of length less thane in (M, (¡>) connecting x and x,. Let x\ be a point outside the tubular neighborhood which is within e of x in the original 0-metric. This is a condition on how thin the tubes should be. The triangle inequality then shows that y/(x¡, x) < h + 3e . completing the case in which x is outside of the tubular neighborhood. If x is inside of the tubular neighborhood, we can get outside by moving a distance (h + 2e) after which we can find a vertex within (h + 3e) units, as before. This shows that the vertex set is (h + 5s)dense in (M, y/). Notice that we have proven slightly more than we have said. If x € (M, y/), then we can find a vertex x, so that y/(x, x,) < 2h + 5e, (j>(x, xi) < e + r < 2e and so that d(f(x¡), f(x)) < e .
We Choosing e small enough and combining (**) and (* * *) and smoothing the metric, we see that for any / there exists a Riemannian metric y/¡ on M such that Wi(x,y)-d(f(x),f(y))\<\.
This completes the proof of (i).
Let p be a contractibility function for (X, d). Using basic lifting properties [Mo] of / we see that the metric space (M, y/¡) has a contractibility function Pi satisfying p¡(t) < p (t + -jj + -j.
On the other hand for / less than the radius of injectivity R¡ of the Riemannian manifold (M, y/f) we have Pi(t) = t.
Combining these two properties it is easy to see that the function p' defined by P'(t) = P (t + \) + \ + Ri if t £ [RM, Ri) is a common contractibility function for all (M, y/¡) (we assume here that {R¡} monotonely decreases to 0). D
In words, what we did was to rescale the metric on M to make it bigger than the metric on X and then alter the metric on M in a neighborhood of a 1-dimensional set to make the metric there look like the metric on a 1-skeleton approximating X. We also inserted a barrier of height h between this new region and the old external region.
The result is that the 1-dimensional set is (h + 3e)-dense in the new metric on M. The shortest paths between points in the 1-dimensional set lie in the one-dimensional set because h is large enough (and the metric on M is big enough) that there is no advantage to be gained by crossing the barrier to go outside of the 1-dimensional neighborhood.
Corollary 5. A path metric on a closed smoothable topological manifold can be approximated arbitrarily closely by a Riemannian metric.
Proof. This is the case / = id. G Remark 6. (i) As a special case of Corollary 5, we see that if (M, y/) is a Riemannian manifold and S is any smooth structure on M, then there is a sequence of Riemannian metrics (M, <f>¡) compatible with I so that lim(M, (pi) = (M, y/) in Jfman(n, p) for some p. This emphasizes that convergence on Gromov-Hausdorff space is a C° phenomenon. In special cases, we can see this directly. If Zi is a homotopy sphere and I2 is any other homotopy sphere, then I2 is diffeomorphic to Xi#X3 for some I3. Therefore, a sequence of Ii#X3 's in which the X3 's get smaller and smaller gives a sequence of Riemannian manifolds diffeomorphic to ¿Z2 converging to Lx. One might compare this with §2 of Essay II of [KS] where it is shown that if M and N are homeomorphic smooth manifolds, then diffeomorphisms M -y N are C°dense in any component of Homeo(M, N) which contains a diffeomorphism.
(ii) It is interesting to compare case (i) of our theorem with the results of [C] , where it is shown that every path metric can be approximated by Riemannian metrics on different 2-manifolds. In contrast, we show that if X is the UV°i mage of M" , n > 3 , then X can be approximated by a sequence of different metrics on Riemannian manifolds diffeomorphic to M. There is an extensive literature on UV° (or monotone) mappings of manifolds. See [Be, F, W].
Corollary 7. There exist a compactum X, a contractibility function p, and nonhomeomorphic manifolds M and N so that for every e > 0 there are Riemannian metrics ¿/>e and y/e on M and N, respectively, so that (M, cpE) and (N, y/e) are e-close to X in ^#. Proof. The main theorem of [DF] shows that there are nonhomeomorphic man-PF CV if olds M and N and cell-like maps M -> X and N -> X. The rest follows from the main result of this paper. D Remark 8. The manifold M above need not be very complicated. In particular, an M with the desired properties can be obtained by attaching T)4 to S3 by a degree 3 map, embedding the resulting polyhedron on R7, and taking the double of a regular neighborhood. The manifold N is a manifold homotopy equivalent to M which is produced by varying 3-torsion in the ÄT-theoretic characteristic classes of the tangent bundle.
The non-compact case The argument given above clearly does not work when the diameter D of X is infinite. In §2 of [C] , the Cassorla shows that for X compact and n large, the 1-complex obtained by taking a 10~"-dense set {x,} in X and connecting vertices whose X-distance is less than 5~" gives a good metric approximation to X.
In the noncompact case, repeating his construction while letting « be a function of x which grows as x -> 00 in X gives a good uniform approximation to X by a 1-complex whose edges have bounded lengths. Repeating our construction using this 1-complex gives a Riemannian manifold uniformly approximating the original path space X.
The main application we have in mind for this is to the case in which X is a smoothable manifold with a topological path metric which is uniformly contractible in the sense of [G, DFW] . The construction of this paper is then used to find a uniformly contractible Riemannian metric on X which is coarsely equivalent to the path metric. 
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